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Expliit expressions for the topologial defets of
spinor Bose-Einstein ondensates
H Mäkelä
Department of Physis, University of Turku, FIN-20014 Turun yliopisto, Finland
Abstrat. In this paper we rst derive a general method whih enables one to
reate expressions for vorties and monopoles. By using this method we onstrut
several order-parameters desribing the vorties and monopoles of Bose-Einstein
ondensates with hyperne spin F = 1 and F = 2. We onentrate on defets
whih are topologially stable in the absene of an external magneti eld. In
partiular we show that in a ferromagneti ondensate there an be a vortex whih
does not produe any superuid ow. We also point out that the order-parameter
spae of the yli phase of F = 2 ondensate onsists of two disonneted sets.
Finally we examine the eet of an external magneti eld on the vorties of a
ferromagneti F = 1 ondensate and disuss the experimental preparation of a
vortex in this system.
1. Introdution
During the last ten years Bose-Einstein ondensates (BECs) of alkali atoms have
turned out to be an exellent system to reate and observe several interesting
phenomena, suh as topologial defets [1, 2℄. The best-known topologial defet
is a vortex, whih in a typial single omponent BEC appears as a long-lived line-like
singularity in the partile density. In a non-rotating trap, a vortex state annot be
energetially the ground state of the system, but its deay is prevented by topologial
reasons. The ontinuous deformations of the order-parameter whih are needed in
order to reah the ground state require more energy than what is available from
e.g. thermal exitations. In the presene of dissipation the vortex an move to the
boundary of the ondensate and vanish, but even then it is stable as long as it stays
in the ondensate. The reation of spinor BECs has made it possible to have more
ompliated vorties and other topologial strutures than what are allowed by a
single omponent ondensate [2, 3, 4℄. By spinor ondensates we mean BECs whih
have all spin omponents trapped simultaneously and where spin dynamis between
dierent spin omponents is possible. For these reasons spinor ondensates allow
for riher topologial strutures than single omponent ondensates. In experiments
spinor ondensates are realized by using an optial trap to trap the ondensed atoms.
If a BEC is in a magneti trap, only partiles whih are in a low-eld seeking state
with respet to the quantization axis determined by the loal magneti eld remain
trapped. When an optial trap is used there an still be magneti elds present. They
are not needed to trap atoms, but e.g. to diminish the eet of stray magneti elds
[5, 6, 7, 8℄.
The existene of the topologial defets is based on the fat that a BEC an be
desribed by an order-parameter ψ. The order-parameter is a map from some region
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of physial spae into the order-parameter spae M . By examining the properties of
the order-parameter spae one an see what kind of, if any, topologial defets are
possible. This examination an be arried out with the help of the homotopy groups
of the order-parameter spae.
The use of the theory of homotopy groups to haraterize the topologial defets
of physial systems was rst used during the late fties [9℄, but beame widely known
only in the seventies; see e.g. [10℄. Sine then it has been suessfully applied in several
elds of physis, suh as ondensed matter physis, partile physis and osmology
[10, 11, 12, 13, 14, 15℄. Homotopy groups lassify maps whih an be ontinuously
deformed into one another. Homotopy is a mathematial notion giving an exat
meaning for this kind of deformation. Homotopy groups have turned out to be an
eetive way of haraterizing and lassifying topologial defets. This lassiation
an be ahieved if the order-parameter spae M is identied with a quotient spae
G/H , where G is a group that ats transitively on the order-parameter spae and H
is a suitably hosen subgroup of G.
If G/H is known, information on the topologial defets an be obtained by
alulating the homotopy groups πn(G/H), n = 0, 1, 2, 3. From these π0(G/H)
haraterizes domain walls, π1(G/H) vorties and one-dimensional non-singular
defets, π2(G/H) monopoles and two-dimensional non-singular defets, and π3(G/H)
three-dimensional non-singular defets. Domain walls, vorties and monopoles are
defets where the order-parameter has to vanish at some point of the physial spae.
The non-singular defets are defets where the order-parameter is nonzero everywhere,
and the topologial stability is imposed by the boundary onditions. The elemets of
the homotopy group label the order-parameters in suh a way that those labelled by
the same group element an be ontinuously onverted into one another, whereas if
the ongurations are labelled by dierent group elements, this is not possible. If
πn(G/H) = {e}, i.e. the nth homotopy group is a one element group, no topologially
stable defets haraterized by πn(G/H) are possible.
This paper is organized as follows. In setion 2 we derive a systemati way to nd
expressions for vorties and monopoles. This method is based on the properties of the
relative homotopy groups, and it has not been presented before. In setion 3 we review
the properties of spinor ondensates and their ground states. As a new result we show
that the order-parameter spae of the yli phase of F = 2 ondensate onsists of
two sets whih are disonneted. This is in ontrast to the order-parameter spaes
of other ground state phases, whih onsist of one onneted set. In setion 4 the
method derived in setion 2 is applied in the ontext of spinor BECs to reate order-
parameters desribing vorties and monopoles. Most of the expressions for defets have
not been presented before. These are then used to nd the minimum energy states
of the defets and to study the superuid veloity and angular momentum indued
by them. In partiular we show that in a ferromagneti ondensate the presene of
a vortex does not have to lead to superuid ow. In setion 5 we show that the
vortex of a ferromagneti F = 1 ondensate derived in setion 4 an exist also if the
onservation of magnetization is taken into attention. Additionally we show that in
a ferromagneti F = 1 ondensate the onservation of magnetization may lead to
stabilization of defets whih are not stable if the magnetization is allowed to vary
freely. In setion 6 we propose a way to reate vorties in a ferromagneti ondensate.
These vorties are stable in the absene of an external magneti eld. This way is based
on the use of a topologial vortex reation method used before to reate defets whih
are stable in the presene of an external eld. Finally in setion 7 we summarize the
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results of the paper and in appendix A we give the spin and rotation matries needed
in the alulation of defets.
2. Finding expressions for vorties and monopoles
2.1. Introdution
In this setion we develop a method for nding expliit expressions for vorties and
monopoles. The ontent of this setion is quite mathematial, and those interested
only in the appliations may jump to the next setion. We briey introdue some of the
neessary onepts and x the notation. To save spae we do not dene all mathematial
oneps needed; an interested reader an nd the denitions in any standard book on
homotopy theory, suh as [16℄. We also omit all proofs here; those an be found in
[10, 17℄. From now on all maps are assumed to be ontinuous. In the following G
is a Lie group and H is a losed subgroup of G. The subgroup H an be written
as H = H0 ∪ H1 ∪ H2 ∪ · · ·, where Hi's are the path omponents of H . The path
omponent ontaining the identity element e is denoted byH0. It is a normal subgroup
of H and thus the quotient spae H/H0 is a group. The path omponents of H are
osets of H in H0, i.e. Hk = hkH0 for some hk ∈ H . We dene the n-dimensional
dis by Dn = {x ∈ Rn | |x| ≤ 1 } and the n-sphere by Sn = {x ∈ Rn+1 | |x| = 1 }. We
denote the nth relative homotopy by πn(G,H, e) and an element of this group by [f ],
where f : (Dn, Sn−1, s0) → (G,H, e) is a map. Here the notation means that Dn is
taken to G, Sn−1 to H , and s0 ∈ Sn−1 to e by f . By [f ] we denote the equivalene
lass determined by f . It onsists of all maps whih are homotopi via maps of this
type. If H = e, we write πn(G, e) ≡ πn(G, e, e). If G is path onneted, πn(G, g1)
and πn(G, g2) are isomorphi for all g1, g2 ∈ G, and we use the notation πn(G) to
denote any πn(G, g1). There is an exat sequene of homomorphisms between relative
homotopy groups. This sequene reads
✲
αn
πn(G, e) ✲
βn
πn(G,H, e)
❄
πn(G/H,H)
p∗
✲
γn
πn−1(H, e) ✲
αn−1
πn−1(G, e) ✲
βn−1· · · (1)
We have inluded in the sequene p∗, whih is an isomorphism determined by the map
p : G→ G/H, g 7→ gH . If [f ] ∈ πn(G,H, e) then p∗([f ]) = [pf ] ∈ πn(G/H,H).
2.2. Physial appliations
Next we onsider how previous results an be applied in physial systems. Now G is
a group that ats transitively on the order-parameter spae M . The ation of g ∈ G
on x ∈ M is denoted by g · x. We now hoose an arbitrary element xref ∈ M , alled
the referene order-parameter, and dene H = {g ∈ G | g · xref = xref}. This is
the isotropy group and it is a losed subgroup of G. The order-parameter spae M
an then be identied with G/H . The orrespondene between the elements of M
and G/H is x ⇔ gH, g · xref = x. If A is a topologial spae and f : A → G is
a map, then the map pf : A → G/H gives a map from A to the order-parameter
spae, whih is now represented by G/H . If the order-parameter spae is represented
by M the orresponding map from A to M is given by c : A → M suh that
c(a) = f(a) · xref for all a ∈ A. When disussing the physial appliations we assume
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that π2(G, e) = π1(G, e) = π0(G, e) = {e}, when γ1 and γ2 beome isomorphisms.
These onditions hold for R and SU(2), whih are the groups used in this paper.
2.2.1. Monopoles Beause π1(H, e) = π1(H0, e), we see that π2(G,H, e) and
π1(H0, e) are isomorphi via γ2. The map γ2p
−1
∗ gives an isomorphism between
π2(G/H,H) and π1(H0, e). This isomorphism an be used in the alulation of
π2(G/H,H), sine usually it is quite easy to see what π1(H0, e) is [3, 10, 11℄. Assume
that [f ] ∈ π2(G,H, e) and that f
∣∣
S1
is the restrition of f to S1, the boundary of D2.
Then [f
∣∣
S1
] ∈ π1(H0, e). The isomorphism γ2 is given by the map [f ] 7→ [f
∣∣
S1
]. We
use (θ, ϕ) as the oordinates of D2, that is, θ is the distane from the enter of the dis
and ϕ is the azimuthal angle. We take the radius of D2 to be π. Let g : [0, 2π]→ H0 be
a map for whih g(0) = g(2π) = e and let g˜ : D2 → G be suh that g˜(θ = π, ϕ) = g(ϕ).
If we also dene s0 = (π, 0), then [g˜] ∈ π2(G,H0, e), [pg˜] ∈ π2(G/H,H) and
[g˜
∣∣
S1
] = [g˜
∣∣
θ=pi
] = [g] ∈ π1(H0, e). As explained above, [pg] and [g] are mapped
into eah other by isomorphism γ2p
−1
∗ .
Next we onstrut a map from physial spae into the order-parameter spaeG/H
whih desribes a monopole with some given winding number. Now we use spherial
oordinates (r, θ, ϕ) as the oordinates of the physial spae R3 and assume that the
monopole is loated at the origin. The monopole we onstrut is independent of the
r-oordinate. This assumption is not neessary, but to avoid further ompliation we
use it here. Let A = R3 \ {0}. We dene f : A → G/H by f(r, θ, ϕ) = g˜(θ, ϕ)H .
Then for eah xed r > 0 [f ] ∈ π2(G/H,H) and [f ] is the unique inverse image of
[g] ∈ π1(H0, e) in the map γ2p−1∗ . These elements have the same winding number.
Thus if one wants a map f : A → G/H , whih desribes a monopole with a given
winding number, he has to nd g˜ : D2 → G suh that [g˜∣∣
θ=pi
] is an element of π1(H0, e)
with the wanted winding number. Then f is obtained by dening f(r, θ, ϕ) = g˜(θ, ϕ)H .
The orresponding order-parameter x : A→M is dened by x(r, θ, ϕ) = g˜(θ, ϕ) ·xref .
2.2.2. Vorties The group struture of π0(H, e) has to be dened a little dierently
than that of other relative homotopy groups [10℄. We dene π0(H, e) ≡ H/H0 =
{H0, H1, H2, . . .} and D1 = [0, 2π]. Let g : D1 → G be suh that g(0) = e and
g(2π) ∈ Hm for some m ∈ {0, 1, 2, . . .}. If we hoose s0 = 0 then [g] ∈ π1(G,H, e).
The isomorphism γ1 : π1(G,H, e) → π0(H, e) is given by [g] 7→ [g(2π)], where
[g(2π)] ≡ Hm.
We use ylidrial oordinates (r, z, ϕ) as the oordinates of physial spae and
assume that the vortex is loated on the z-axis. We dene A = R3 \ Rez, where Rez
denotes the z-axis. We dene f : A→ G suh that f(r, z, 0) = e and f(r, z, 2π) ∈ Hm.
Then for eah xed (r, z) [f ] ∈ π1(G,H, e), [pf ] ∈ π1(G/H,H) and the image of [f ] in
the isomorphism γ1 is [f(r, z, 2π)] = Hm ∈ π0(H, e). Thus f gives a vortex with the
winding number represented by Hm ∈ π0(H, e). The orresponding order-parameter
x : A → M is dened by x(r, z, ϕ) = f(r, z, ϕ) · xref . For a vortex onstruted this
way x(r, z, 0) = xref for all r > 0, z ∈ R. This requirement an be relaxed, but for
our purposes that is not neessary.
3. Spinor Bose-Einstein ondensates
In this setion we review the ground-state order-parameter spaes of spinor BECs. As
a new result we show that the order-parameter spae of the yli phase onsists of
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two disonneted sets. A spinor in one set annot be ontinuously onverted into a
spinor in the other set while staying in the order-parameter spae all the time. Only
the order-parameter spae of the yli phase has this struture, sine in other ground
states the order-parameter spae is onneted.
A spinor ondensate of atoms with hyperne spin equal to F , F = 1, 2, . . ., is
desribed in the mean eld theory by the order-parameter ψ, whih an be written in
the form ψ(r) =
√
n(r)ξ(r), where n(r) is the partile density, ξ(r) is the transpose of
the omplex vetor (ξF (r), ξF−1(r), . . . , ξ−F (r)) and ξ(r)†ξ(r) = 1 [4, 18℄. In the rest
of the paper we all ξ the spinor. In some publiations the term spinor refers to ψ, so
one must be areful with the terminology. When we determine the order-parameter
spae, we set the density equal to one, so the order-parameter is just the spinor ξ‡.
If the normalization of ξ is the only restrition imposed on the order-parameter, the
order-parameter spae beomes S4F+1. This spae allows for no topologial defets
haraterized by πn with n = 0, 1, 2, 3. This is beause from the theory of homotopy
groups it is known that πn(S
4F+1) = {e} for n = 0, 1, 2, 3 and F = 1, 2, 3, .... However,
for example the order-parameter spae of an F = 1 ondensate may be only a subset
of S5. This an be inferred from the energy funtional, whih for an F = 1 ondensate
in the absene of external magneti eld reads [4, 18℄
E[ψ] =
∫
d3r
{
~
2
2M
+1∑
i=−1
∇ψ∗i (r) · ∇ψi(r) + V (r)n(r) +
n(r)2
2
[α1 + β1〈F〉2]
}
. (2)
Here F is the (hyperne) spin operator, 〈F〉 = ξ†(r)Fξ(r), M is the mass of the atom,
V is the external potential, α1 =
4pi~2
M
a0+2a2
3 , β1 =
4pi~2
M
a2−a0
3 , and aF is the s-wave
sattering length in the total spin F hannel.
One sees that it is energetially favoured that either |〈F〉| = 0 or |〈F〉| = 1,
orresponding to the ases β1 > 0 and β1 < 0, respetively. When β1 > 0 the
system is said to be antiferromagneti, whereas if β1 < 0 the system is said to be
ferromagneti. It turns out that a group that ats transitively on the set of spinors
fullling the ondition |〈F〉| = 1 is SU(2). This an be shown using a similar reasoning
as that shown below in the ontext of the ground-state phases of F = 2 ondensates.
SU(2) ats via its irreduible three-dimensional representation, i.e. the spin rotations
of an F = 1-partile. For spinors with |〈F〉| = 0 we hoose G = R× SU(2), where R
gives the gauge transformations of the spinor as ξ 7→ eiθξ, θ ∈ R. As before, SU(2)
desribes spin rotations.
‡ In priniple the order-parameter spae should be written asM ′ = (R+×M)∪{0}, where R+ is the
set of real numbers larger than zero giving the possible values of the square root of the density, andM
gives the order-parameter spae related to the density-independent part of the order-parameter. Now
M onsists of the possible values of the spinor, while in the ase of a single omponent ondensate
M = S1, whih haraterizes the possible values of the phase of the order-parameter. The point
{0} denotes the ase where the density is zero. One sees that if M ′ is the order-parameter spae
there are no topologially stable defets. Any order-parameter an be onverted into any other order-
parameter via deformations whih redue the density to zero in an appropiate region of the physial
spae. From a physial point of view this is unlikely to happen, sine reduing density to zero is
not energetially favorable. In priniple the neessary energy ould ome for example from thermal
exitations, but in pratise this is unlikely to happen. Thus one an ignore the zero of density. Then
the order-parameter spae beomes R+ ×M . For this pin(R+ ×M) = pin(R+) × pin(M) = pin(M),
sine pin(R+) = {e}. Thus, from the point of view of topologial defets, it is enough to study the
struture of M only.
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For an F = 2 ondensate the energy funtional is [19℄
E[ψ] =
∫
d3r
{
~
2
2M
2∑
i=−2
∇ψ∗i (r)·∇ψi(r)+V (r)n(r)+
n(r)2
2
(α2+β2〈F〉2+γ2|Θ(r)|2)
}
.(3)
Here α2 =
1
7 (4g2 + 3g4), β2 = − 17 (g2 − g4), and γ2 = 15 (g0 − g4) − 27 (g2 − g4), where
gi =
4pi~2ai
M and Θ = 2ξ2ξ−2 − 2ξ1ξ−1 + ξ20 . As in an F = 1 system, the energy
is invariant in position-independent spin rotations and gauge transformations. The
possible ground states have been alulated in [19, 20℄, and an be lassied as follows.
(i) If β2, γ2 > 0 the energy is minimized when |〈F〉| = Θ = 0. Spinors with these
properties are alled yli. (ii) When β2 < 0, γ2 > 0 the minimum is obtained by
making |〈F〉| = 2,Θ = 0, and the ground state is ferromagneti. (iii) If β2 > 0, γ2 < 0
the minimum is ahieved by maximizing Θ, i.e. |Θ| = 1, and |〈F〉| = 0. The ground
state is alled polar or antiferromagneti. (iv) Finally, if α2 and β2 are both negative,
the ground state is ferromagneti for 4|β2| > |γ2|, and polar otherwise. This is beause
|〈F〉| and |Θ| annot be maximized simultaneously.
Next we disuss briey the strutures of the order-parameter spaes of the
ground states. Sine the interation energy is invariant in gauge transformations
and spin rotations and β2, γ2 are arbitrary, also |Θ| and 〈F〉2 are invariant in gauge
transformations and spin rotations. Furthermore, for every spinor ξ there is always a
spin rotation R whih rotates the spinor so that in the rotated state Rξ the spin is
parallel to the z-axis, i.e. 〈F〉 = (Rξ)†FRξ = (Rξ)†FzRξez = 〈Fz〉ez . In the rotated
state 〈Fx〉 = 〈Fy〉 = 0. Thus the spin-dependent terms in equation (3) an be written
as β2〈Fz〉2+γ2|Θ|2. In the yli phase the energy is minimized when 〈Fz〉 = |Θ| = 0.
Numerial alulations show that the solutions to these equations are (up to a
gauge transformation and a rotation about the z-axis) C0 = 12 (1, 0,
√
2, 0,−1)T ,
C1 = 1√
3
(1, 0, 0,
√
2, 0)T and C1′ = 1√
3
(0,
√
2, 0, 0, 1)T [21, 22℄. All yli spinors
an be obtained from these spinors by a gauge transformation and a spin rotation.
By exploiting the rotation matrix shown in the appendix one an show that C1, C1′
an be rotated into eah other, while for C0, C1 and C0, C1′ this is not possible. This
means that the order-parameter spae of the yli phase onsists of two disonneted
sets, a fat that has not been pointed out before. Formally this an is expressed as
π0(G/H) = Z2. The group G = R × SU(2) ats transitively on both disonneted
sets. In the ground-state the system an onsist of regions, some of whih are in a
C0 state and others are in a C1 state. These regions are separated by a domain wall.
This kind of struture is not possible in other zero eld ground-state phases of F = 1
or F = 2 ondensates.
In the ase of ferromagneti ground states, the situation is simpler. Now the
equations to be solved are |Θ| = 〈Fx〉 = 〈Fy〉 = 0 and |〈Fz〉| = 2. The only solutions
(up to a phase) are |F = 2,mF = 2〉 and |F = 2,mF = −2〉. These spinors an be
rotated into eah other, so the order-parameter spae is now onneted. By examining
the spinors obtained by a spin rotation from the referene order-parameters one sees
that in the ase of a ferromagneti ondensate we an hoose G = SU(2) instead of
R× SU(2).
Similar study for the polar phase shows that the order-parameter spae of the
polar phase is onneted but larger than R × SU(2). This ompliates the study of
polar defets, and they will not be disussed here [3℄.
Before going to the details of defets we review the possible ground-state phases of
some alkali atom ondensates. Experimental and theoretial results indiate that the
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F = 1 spinor Bose-Einstein ondensate of 87Rb is ferromagneti [4, 6, 8, 23℄. On the
other hand, the F = 2 ondensate of 87Rb is probably polar [6, 7, 23℄. The 85Rb F = 2
ondensate seems to be polar [23℄ and the
83
Rb isotope with F = 2 ferromagneti [19℄.
23
Na sattering lengths determined in [24℄ indiate that
23
Na F = 1 is
antiferromagneti, as has been predited in [4℄ and seen in experiments [5℄. The ground
state phase of
23
Na F = 2 spinor ondensate appears also to be antiferromagneti [19℄.
Experimental study of this ondensate is diult beause the |F = 2,mF = 0〉 state
deays within milliseonds [25℄.
4. Examples of defets in spinor ondensates
Next we present several examples of vorties and monopoles in spinor ondensates. In
these examples ylindrial oordinates (r, z, ϕ) and spherial oordinates (r, θ, ϕ) are
used when disussing vorties and monopoles, respetively. In vorties the oordinate
dependene is suh that at ϕ = 0 the referene spinor is obtained. The vortex ores are
assumed to be straight and loated on the z-axis. Monopoles are loated at the origin
of the spherial oordinates. In what follows the minimum energy of a vortex with
given winding number is also studied. This is alulated under the assumptions that
the vortex stays xed at the z-axis and the density n is independent of ϕ. The ground
state density an be assumed to be ylindrially symmetri if the external potential
used to onne the ondensate is ylindrially symmetri and the vortex does not
split. The latter is not true in general, sine usually if a ondensate is trapped in a
harmoni trap it is energetially favorable for a vortex with winding number larger
than one to split into winding number one vorties. In this ase the partile density
annot be ylindrially symmetri. The splitting an possibly be prevented by using
a trap whih is steeper than harmoni [26℄ or by applying a repulsive potential in the
viinity of the rotation axis [27℄, p 245.
4.1. Ferromagneti ondensates
Next we briey examine the vortex ongurations of ferromagneti ondensates.
Here we mean by ferromagneti ondensates systems whose ground state spinor is
|F,mF = F 〉 or any other spinor obtained from this by a spin rotation. A separate
gauge transformation is now unneessary, as a spin rotation alone is able to produe
that. We hoose |F,mF = F 〉 as our referene order-parameter. The isotopy group
is isomorphi with Z2F and the order-parameter spae is SU(2)/Z2F ; see [28℄. The
isotropy group for F = 1 and F = 2 has been alulated expliitly in [3℄. The winding
numbers of topologially stable vorties range from 1 to 2F − 1. If the winding
number of a vortex is m, the winding number of the antivortex is 2F −m. Espeially,
a vortex with winding number F is also its antivortex. If F = 1, the order-parameter
spae is SO(3), sine SU(2)/Z2 = SO(3) [4℄. Beause π2(SU(2)/Z2F ) = {e}, in
ferromagneti ondensates monopoles are not topologially stable. Next we onstrut
order-parameters desribing vorties in ferromagneti F = 1 and F = 2 ondensates.
The rotation matries needed in the alulations an be found in appendix A.
4.1.1. Ferromagneti F = 1 ondensate Now H = {I,−I} ∈ SU(2) and, as explained
in setion 2, a vortex is given by a map f : R3 \Rez → SU(2) suh that f(r, z, 0) = I
and f(r, z, 2π) = −I for every z ∈ R, r > 0. From the V -matrix (A.4) one sees that this
kind of map is obtained by hoosing τ suh that τ(r, z, 0) = 0 and τ(r, z, 2π) = 2π.
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The funtions α and β an be arbitrary funtions of position. The orresponding
order-parameter is ψ(r) =
√
n(r)ξ(r), where ξ(r) = f(r) · ξref = V (1)(r)ξref and V (1)
is given in equation (A.6). We get
ψ(r, z, ϕ) =
√
n(r, z, ϕ)


(
cos τ2 − i cosβ sin τ2
)2
−√2eiα sinβ sin τ2
(
i cos τ2 + cosβ sin
τ
2
)
−e2iα sin2 τ2 sin2 β

 . (4)
From the way this was derived it follows that this is dened only for r > 0. This order-
parameter an, however, be extended to whole R
3
by requiring that n(0, z, ϕ) = 0.
This is needed in order to keep the order-parameter well dened at r = 0.
Next we try to nd a spinor giving a vortex with the minimum energy. Now
the superuid veloity is v = −i ~M ξ†∇ξ. When the vortex has the smallest possible
energy the veloity in radial and z-diretions an be assumed to vanish and thus the
spinor is a funtion of ϕ only. Additionally, the density is taken to be ylindrially
symmetri. Using these assumptions the Euler-Lagrange equations obtained from the
energy funtional show that the vortex energy is minimized when α = constant, β = pi2
and τ(r, z, ϕ) = ϕ. Thus the vortex takes the form
ψ(r, z, ϕ) =
√
n(r, z)


(
cos ϕ2 − i cosβ sin ϕ2
)2
−√2eiα sinβ sin ϕ2
(
i cos ϕ2 + cosβ sin
ϕ
2
)
−e2iα sin2 ϕ2 sin2 β

 . (5)
Here we have not set β = pi2 , but have allowed it to have any value. This realls a
little the expression for the oreless vortex shown in [4℄. These are, however, dierent
defets, sine the vortex of equation (5) annot be onverted into a non-vortex state by
ontinuous deformations, whereas for the oreless vortex this an be done§. Another
dierene is that in the ase of a oreless vortex the partile density does not vanish,
while in the ase of (5) the density vanishes on the z-axis. The superuid veloity for
the vortex state (5) is v = − ~M cos βr eϕ and if β = pi2 it vanishes. Thus, in ontrast to a
single-omponent ondensate, in a spinor ondensate the existene of a vortex does not
have to lead to a non-zero superuid veloity. The same phenomenon an be seen also
in the orbital angular momentum. For the order-parameter (5) it is L = −N~ cosβ ez,
whih also vanishes if β = pi2 . The ondensate does not have to ontain any angular
momentum although there is a vortex in it. If the ondensate is in a state with β = 0,
it ontains one unit of angular momentum per partile and the system is similar to a
single-omponent ondensate with a vortex. In the presene of dissipation the angular
momentum does not have to be onserved, and the vortex an evolve towards the
ground state where the angular momentum vanishes. The kineti energy of (5) is
proportional to 3 + cos 2β, whih dereases monotonially as β inreases from zero to
pi
2 . Thus there is no energeti barrier whih ould render the vortex state with β = 0
metastable against onversion into the ground state vortex.
A vortex obtained from (5) by setting β = 0 has been presented before in [4℄.
The general expression for the vortex shown in equation (5) or the behaviour of the
angular momentum and superuid veloity have, however, not been disussed before.
This also holds true of the ferromagneti F = 2 vorties disussed next.
4.1.2. Ferromagneti F = 2 ondensate The isotropy group is H =
{I,−iσz, (−iσz)2, (−iσz)3}, where σz is the z-omponent of the Pauli matries. A map
§ The onservation of magnetization may hange the situation. This is disussed in setion 5.
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fm : R
3 \ Rez → SU(2) represents a vortex with winding number m if fm(r, z, 0) = I
and fm(r, z, 2π) = (−iσz)m for every z ∈ R, r > 0. If we parametrize SU(2) matries
as in (A.4), these onditions are fullled if τ(r, z, 0) = 0 and τ(r, z, 2π) = mπ.
Additionally, for m = 1, 3 the ondition β(r, z, 2π) = 2kπ has to hold. Here k is
an arbitrary integer. For m = 2 the funtion β an be arbitrary. The order-parameter
beomes
ψ(r, z, ϕ) =
√
n(r, z, ϕ)


(
cos τ2 − i cosβ sin τ2
)4
2eiα sin τ2 sinβ
(
i cos τ2 + cosβ sin
τ
2
)3√
3
8e
2iα sin2 β (cosβ − cos τ cosβ + i sin τ)2
2e3iα sin3 τ2 sin
3 β
(
i cos τ2 + sin
τ
2 cosβ
)
e4iα sin4 τ2 sin
4 β


. (6)
The minimum energy of a vortex with winding numberm is obtained when τ(r, z, ϕ) =
mϕ
2 and ξ = ξ(ϕ). Ifm = 2 the vortex minimizing the energy is obtained from equation
(6) by replaing τ with ϕ and setting β = pi2 . In this state, the superuid veloity
and angular momentum vanish. We show that this is a general property of a winding
number F vortex in a ferromagneti ondensate with hyperne spin F . This vortex
is represented by the element −I ∈ H and a vortex an be written as ψ(r, z, ϕ) =√
n(r, z)ξ(ϕ), where ξ(ϕ) = e−iϕn·Fξref , n = (cosα sinβ, sinα sinβ, cosβ) is a
onstant vetor and ξref = |F,mF = F 〉. If β = pi2 we get n = (cosα, sinα, 0)
and vϕ, Lz ∼ ξ† ∂∂ϕξ = −iξrefeiϕn·Fn · Fe−iϕn·Fξref = −iξrefn ·Fξref = 0.
Ifm = 1, 3 the funtion β that minimizes the energy of a vortex is more diult to
nd. The obvious hoie β ≡ 0 is not the orret one, sine for example β(ϕ) = 8pi+ϕ5
produes a smaller energy. Finding the ground states of vorties with m = 1, 3 will
be left for future publiations, and will not be disussed here in more detail. If β = 0
the vortex is simply ψ(r, z, ϕ) =
√
n(r, z)eimϕ|F = 2,mF = 2〉,m = 1, 3.
4.2. Antiferromagneti F = 1 ondensate
It is advantageous to use the U matrix of equation (A.3) and orresponding
representation matries when disussing the defets of an antiferromagneti F = 1
ondensate. The referene order-parameter is hosen to be |F = 1,mF = 0〉 and the
isotropy group is H = {(m2π, U(ϕ, 0, 0)), ((m + 12 )2π, gU(ϕ, 0, 0)) |ϕ ∈ [0, 4π],m ∈
Z}, where we have dened g = U(0, π, 0). The onneted omponent of the identity is
H0 = {
(
0, U(ϕ, 0, ϕ)
) |ϕ ∈ [0, 2π]} [3℄. Now vorties and monopoles are possible and
both of them are lassied by integers. A general antiferromagneti spinor an then
be written as ψ(r) =
√
n(r)ξ(r), where ξ(r) = eiθ(r)U (1)(r)ξref and U
(1)
is shown in
(A.5). Expliitly
ψ(r) =
√
n(r)eiθ(r)


−e−iα(r) 1√
2
sinβ(r)
cosβ(r)
eiα(r) 1√
2
sinβ(r)

 . (7)
4.2.1. Vorties As an be seen from the isotropy group H , vorties with winding
numbers m and m + 12 are possible (m ∈ Z). Using an analysis similar to that of
ferromagneti ondensates, a vortex with a winding number m an be shown to be
given by (7) if θ fullls the ondition θ(r, z, 0) = 0, θ(r, z, 2π) = 2πm. Other angles
an be hosen freely as long as ξ(r, z, 0) = ξ(r, z, 2π) = |F = 1,mF = 0〉. For
m + 12 ondensates the requirements are θ(r, z, 0) = 0, θ(r, z, 2π) = 2π(m +
1
2 ) and
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ξ(r, z, 0) = −ξ(r, z, 2π) = |F = 1,mF = 0〉. The superuid veloity is v = ~Mr ∂θ∂ϕeϕ
and it annot vanish everywhere if there is a vortex in the system. The orbital angular
momentum is L = N~l ez, where l is either m or m+
1
2 . In the following we assume
that ψ(r, z, ϕ) =
√
n(r, z)ξ(ϕ). The spinor minimizing the energy of a vortex with
winding number m ∈ Z is obtained when α, β are onstants and θ(ϕ) = mϕ. If we
hoose β = 0 it beomes ψm(r, z, ϕ) =
√
n(r, z)eimϕ|F = 1,mF = 0〉. A winding
number m+ 12 vortex with minimum energy is given by (7) under the onditions that
θ(r, z, 2π) = (2m+ 12 )π, α is onstant and β =
ϕ
2 ,
ψm+ 12 (r, z, ϕ) =
√
n(r, z)ei(m+
1
2 )ϕ

 −e
−iα 1√
2
sin ϕ2
cos ϕ2
eiα 1√
2
sin ϕ2

 . (8)
Properties of vorties of the type (8) have been disussed before for example in
[29, 30, 31, 32℄.
4.2.2. Monopoles As explained in setion 2, an expression for a winding number
m monopole an be found as an extension of a map gm : [0, 2π] → H0, where
gm determines the element of π1(H0, e) with winding number m. Now we dene
gm(ϕ) = (0, U(αm(ϕ), 0, αm(ϕ))), where αm is suh that αm(0) = 0, αm(2π) = 2πm.
We dene a map g˜m : D
2 → R× SU(2) suh that g˜m(π, ϕ) = gm(ϕ). Then fm : R3 \
{0} → [R×SU(2)]/H , fm(r, θ, ϕ) = g˜m(θ, ϕ)H gives a monopole with winding number
m. A general form for g˜m is g˜m(θ, ϕ) =
(
δm(θ, ϕ), U(αm(θ, ϕ), βm(θ, ϕ), αm(θ, ϕ))
)
with the onditions αm(π, ϕ) = αm(ϕ), βm(π, ϕ) = δm(π, ϕ) = 0, whih follow from
g˜m(θ = π, ϕ) = gm(ϕ). From the ontinuity of g˜m it also follows that δm(0, ϕ) = 0
and βm(0, ϕ) = (2k + 1)π with k an arbitrary integer.
By a simple hange of basis equation (7) an be ast in the form
ψm(r, ϕ, θ) =
√
n(r, θ, ϕ)eiδ

 cosαm sinβksinαm sinβk
− cosβk

 . (9)
Here we have substituted δ, αm, βk for θ, α, β, respetively. If δ ≡ 0 the above spinor
is a real and normalized three-omponent vetor. Then there is an integral equation
w =
1
4π
∫ 2pi
0
∫ pi
0
dϕdθ ξ ·
(
∂ξ
∂θ
× ∂ξ
∂ϕ
)
(10)
whih gives the winding number w of the monopole; see [12℄ or [33℄. Using this
equation one an onrm that by assuming δm ≡ 0 and that gm fullls the onditions
stated above, the winding number of the spinor in equation (9) is m. For a non-
onstant δm the winding number is the same, as it does not depend on the form of
δm. From equation (9) one sees that the superuid veloity vanishes if and only if δm
is a onstant funtion. This follows from the fat that δ ≡ constant ⇐⇒ ξ†∇ξ ∈ R3.
Beause v = −i ~M ξ†∇ξ ∈ R3, it follows that v = 0 if and only if δm is a onstant.
While it is instrutive to know what are the general requirements for a spinor to
represent a monopole, it is important to see that the typial expression for a monopole
an also be obtained as a speial ase of above equations. If we hoose gm suh that
δm ≡ 0, αm(θ, ϕ) = mϕ and βm(θ, ϕ) = (2k+1)(π−θ), where k is an arbitrary integer,
all the requirements for δm, αm and βm are fullled and the monopole beomes
ψm(r, ϕ, θ) =
√
n(r, θ, ϕ)

 cos(mϕ) sin[(2k + 1)θ]sin(mϕ) sin[(2k + 1)θ]
cos[(2k + 1)θ]

 . (11)
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Choosing k = 0 gives the usual expression for a monopole. It has been presented
in the ontext of BEC before for example in [34, 35℄, but the requirements for a
general expression of a monopole and its properties have not been disussed before.
A monopole with m = 1, k = 0 has been numerially studied in [34, 35℄.
4.3. Cyli states
The defets of the C0 phase have already been disussed in [3℄, so here we onentrate
on the defets of the C1 phase. The isotropy group H has not been alulated before,
so we have to do it here. For the SU(2)-matries we now use the U -representation
shown in (A.3). The referene spinor is hosen to be C1 = 1√
3
(1, 0, 0,
√
2, 0)T and a
general expression for a spinor is
ψ(r, z, ϕ) =
√
n(r, z, ϕ)eiθ


e−2i(α+γ)√
3
[cos4 β2 −
√
2e3iγ sin2 β2 sinβ]
e−i(α+2γ)√
6
[e3iγ(cosβ − cos(2β)) +√2 cos2 β2 sinβ]
e−2iγ
4 sinβ [−4e3iγ cosβ +
√
2 sinβ]
ei(α−2γ)√
6
[e3iγ(cos β + cos(2β)) +
√
2 sin2 β2 sinβ]
e2i(α−γ)√
3
[sin4 β2 +
√
2e3iγ cos2 β2 sinβ]


.(12)
Equating this with the referene spinor C1 shows that the isotropy group is H =
{( 2pi3 (2n+ 3m), U(2pin3 , 0, 0)) |m ∈ Z, n = 0, . . . 5} ⊂ R × SU(2) and H0 = (0, I).
This means that only vorties, not monopoles, are topologially stable. H/H0 =
H is isomorphi to the group Z × Z6, the isomorphism is given by the map(
2pi
3 (2n+ 3m), U(
2pin
3 , 0, 0)
) 7→ (m,n) ∈ Z × Z6. Therefore vorties are lassied
by two winding numbers (m,n) and those with dierent m annot be onverted into
one another. However, for vorties with winding numbers (m,n) and (m,n + 6) this
is possible.
A vortex with winding numbers (m,n) is given by fm,n : R
3 \ Rez → R× SU(2)
suh that fm,n(r, z, 0) = e and fm,n(r, z, 2π) =
(
2pi
3 (2n+ 3m), U(
2pin
3 , 0, 0)
)
for all
z ∈ R, r > 0. Now we dene fm,n by fm,n(r, z, ϕ) =
(
ϕ
3 (2n+ 3m), U(
ϕn
3 , 0, 0)
)
. The
orresponding order-parameter is
ψ(r, z, ϕ) =
√
n(r, z)


1√
3
eiϕm
0
0√
2
3e
iϕ(m+n)
0


. (13)
This is also the order-parameter that minimizes the vortex energy. The superuid
veloity and angular momentum are v = − ~Mr (m+ 2n3 ) eϕ and L = N~(m+ 2n3 )ez.
5. Eets of external magneti eld and magnetization
So far we have assumed that there is no external magneti eld present. Now we
onsider the situation where the ondensate is plaed in a magneti eld direted
parallel to the z-axis. To the seond order in the strength B of the magneti eld the
energy from the eld an be written as [27℄
EB[ψ] =
∫
d3r n(r)
[
γB(r)〈Fz〉+ ǫB2(r)〈F 2z 〉
]
, (14)
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where γ and ǫ are onstants. For 87Rb and 23Na these are γ = ±µB2 and ǫ = ∓
µ2B
4∆Ehf
.
Here µB is the Bohr magneton, ∆Ehf is the hyperne splitting between F = 2
and F = 1 states and upper (lower) sign refers to F = 2 (F = 1). In the
presene of a magneti eld the onservation of magnetization has to be taken into
attention. If the magneti eld is parallel to the z-axis the magnetization is dened by
M =
∫
d3r n(r)〈Fz〉 =
∫
d3r n(r)
∑F
j=−F j |ξj(r)|2 (~ = 1). Magnetization an have
any value between −NF and NF , where N is the partile number. In the absene
of an external magneti eld the magnetization is a meaningless quantity beause of
the lak of a well-dened quantization axis of the hyperne spin. In the presene of a
magneti eld the magnetization is a well-dened and often onserved quantity sine
the ollisions that do not onserve magnetization our usually in a timesale muh
longer than a typial lifetime of the ondensate. The onservation of magnetization has
been experimentally veried [6, 8℄. Thus the energy of the system should be minimized
under the assumption of xed M . If we onsider weak values of the magneti eld it
is enough to inlude only the rst term in equation (14) in the energy. If the magneti
eld is spatially onstant this term is just magnetization multiplied by a onstant.
Thus the ground state is determined by the value of magnetization, and does not
depend on the strength of the magneti eld, as long as the quadrati term in the
magneti eld is negligible.
If the external eld is absent the minimum of energy is obtained (if F = 1)
when either |〈F〉| = 0 or |〈F〉| = 1. If external eld is present the energy has to
be minimized under the assumption of onserved magnetization. For a ferromagneti
F = 1 ondensate any magnetization an be produed while |〈F〉| = 1. Thus in
this ase the ground state is obtained if one nds an order-parameter whih produes
the given magnetization and fullls the ondition |〈F〉| = 1. On the other hand,
if |〈F〉| = 0 the only possible value for magnetization is zero. If the magnetization
is non-zero and the system is antiferromagneti, the ondition |〈F〉| = 0 annot be
satised everywhere. In this ase the alulation of the ground state is more diult.
The situation is similar in the yli and polar (antiferromagneti) phases of F = 2
system.
Next we assume that only the term linear in the magneti eld is inluded
in the energy and show that the previously alulated vortex of a ferromagneti
F = 1 ondensate is possible for an arbitrary value of the magnetization. Diret
alulation shows that for the vortex of equation (5) the magnetization is N cos2 β.
Any magnetization between 0 and N an be obtained as β is varied between pi2 and 0.
The vortex with minimum energy is obtained when magnetization vanishes. Beause
equation (5) is obtained using |F = 1,mF = 1〉 as the referene order-parameter,
it is not surprising that positive values of magnetization are favoured by it. A
vortex onguration whih has negative magnetization an be obtained by hoosing
|F = 1,mF = −1〉 as the referene spinor and alulating a representative of a vortex
as before. The magnetization turns out to be equal to −N cos2 β. The vorties
orresponding to dierent hoies of the referene order-parameter have dierent
magnetizations, but if the magnetization is allowed to vary, these vorties an be
onverted ontinuously into one another. Thus they are similar from topologial point
of view.
Next we see that setting magnetization xed makes new kind of defets stable. If
we hoose β = pi2 in equation (4), multiply the spinor by e
iθ
and redene α→ α+ pi2 ,
Expliit expressions for the topologial defets of spinor Bose-Einstein ondensates 13
we get
ψ(r, z, ϕ) =
√
n(r, z, ϕ)

 e
iθ cos2 τ2
1√
2
ei(α+θ) sin τ
ei(2α+θ) sin2 τ2

 . (15)
This is an alternative parametrization for a ferromagneti spinor. From the form of
the order-parameter one might assume that a vortex is obtained if θ = mϕ and α = nϕ
with m,n integers. Like before, we assume that the vorties are straight and loated
on the z-axis. We also require that n = n(r, z), τ = τ(r, z). The latter assumptions
mean that the partile density of eah spin omponent is ylindrially symmetri‖.
The magnetization is M =
∫
d3rn(r) cos τ(r, z), whih shows that (15) an produe
any magnetization if τ is hosen properly. Topologially the deay of a vortex in one
omponent an now only be ahieved by onverting all atoms from that spin state
into other states. From the above spinor one sees that always two omponents vanish
simultaneously. When this happens magnetization is ±N . Thus if the magnetization
is xed and dierent from ±N , one annot make any spin omponent vanish while
keeping the magnetization xed. If the magnetization is dierent from ±N , the order-
parameter spae is S1 × S1, sine the phase of two omponents an be hosen freely.
The dynamial stability and dynamis of these type of vorties has been studied in
[36, 37, 38, 39, 40℄. However, their topologial stability following from the onservation
of magnetization has not been pointed out before. If the order-parameter is of the
form (15), vorties appear in eah spin omponent separately. This means that the
total density does not have to vanish, unless there is a vortex in every omponent.
If there is one spin omponent without vortex the system is a oreless vortex. For
example by hoosing m = 0, n = 1 or m = 1, n = −1 one gets an expression for a
oreless vortex.
If the magnetization is not a onserved quantity vorties with even m an be
onverted into a uniform onguration and those with odd m are equivalent with the
winding number one vortex of equation (5). This is beause in zero eld τ an be
onverted into a map for whih τ(r) = 0 holds for all r. Then the spinor beomes
eimϕ|F = 1,mF = 1〉. This in turn is equivalent with a vortex with winding number
zero or one for m even or odd, respetively; see [4℄.
Above we have assumed that the partile densities of dierent spin omponents
are symmetri. It is possible that a deviation from this allows a ontinuous deay of
vortex. This is also indiated by numerial studies [39℄.
If the magneti eld is strong, the term quadrati in the magneti eld has to be
inluded in the energy. Also in this ase the magnetization is onserved, and vorties
whih are possible when only the linear term is inluded remain topologially stable.
6. Creation of defets
Next we propose a method to reate vorties in a ferromagneti ondensate. These
vorties are topologially stable also in the absene of an external magneti eld.
In [41, 42℄ a way to reate a vortex exploiting the spin degree of freedom has been
studied. In this method a ondensate in a low-eld seeking state is prepared in an Ioe-
Prithard trap. Initially the magneti eld in the z-diretion is assumed to be muh
stronger than the magneti eld B⊥ in the xy-plane. The z-omponent of the eld
‖ These kinds of vorties are alled axisymmetri in [37, 39℄
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Bz is then reversed slowly, while keeping B⊥ xed. In this way a vortex with winding
number 2F is reated, F being the hyperne spin of the ondensate atoms. The
feasibility of this method has been experimentally veried using a
23
Na ondensate
prepared in the low-eld seeking states |F = 1,mF = −1〉 or |F = 2,mF = +2〉
[43℄. Sine a vortex with a winding number larger than one is energetially unstable
against deay into winding number one vorties, it is presumed that vorties reated
this way will split. In the ase of F = 1 23Na ondensate this has been seen to
our [44℄, and it is expeted to happen also in the F = 2 ase. In addition to
reating defets whih are stable in the presene of magneti eld, we propose how a
modiation of this method an be used to reate 2F vorties with winding number
one in a ferromagneti ondensate with hyperne spin F . These vorties are stable
in the absene of an external magneti eld. To reate these vorties, in addition to
an Ioe-Prihard trap, an optial trap is needed. First a vortex with winding number
2F is reated in the previously desribed way. Then one waits until the vortex deays
into winding number one vorties. Then B⊥ is turned o, and the optial trap is
turned on simultaneously. This does not hange the spin state beause it is assumed
that Bz ≫ B⊥. The remaining eld in the z-diretion an then be redued to zero,
and vorties are allowed to evolve in the optial trap. If the magneti trap is turned
o before the vortex has split, the vortex an in priniple ontinuously onvert into
a non-vortex state. This is possible, for example, if the vortex reverses the rotation
whih was used to reate it. This is prevented by letting the vortex split before turning
o the Ioe-Prithard trap. In experiments there are usually stray a magneti elds,
so the reation of zero-eld defets requires eetive magneti shielding, whih an be
troublesome. Ahieving this would, however, be rewarding, as it would allow one to
hange the topologial stability of vorties as a funtion of the magneti eld.
The reation of monopoles is not as straightforward as that of vorties, but a
method for this has been proposed in [45℄.
7. Conlusions
In this paper we have rst derived a systemati way to reate expliit expressions for
vorties and monopoles. This method requires the alulation of the rst and seond
homotopy groups of the order-parameter spae G/H . This an be ahieved by using
equations obtained from the exat sequene of relative homotopy groups. After this
the expressions for defets an be onstruted by nding suitable mappings from the
physial spae into the group G.
We have reated examples of vorties and monopoles in spinor Bose-Einstein
ondensates using this method. Espeially the defets in zero external magneti eld
have been disussed. We have presented examples of vorties in ferromagneti F = 1
and F = 2 ondensates and vorties and monopoles in antiferromagneti F = 1
ondensate. We also pointed out that the order-parameter spae of the yli phase
of F = 2 ondensate onsists of two disonneted sets. The properties of one of the
sets have been studied previously in [3℄. Here we alulated the topologial defets of
the other set and showed that vorties lassied by Z × Z6 are topologially stable,
whereas monopoles are not possible. Also the superuid veloity indued by the defets
is examined. It has been shown that in a ferromagneti ondensate with hyperne spin
F the presene of a vortex with winding number F does not have to indue non-zero
superuid veloity or orbital angular momentum.
We have also studied the eet of a magneti eld, onentrating on a
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ferromagneti F = 1 ondensate. It has been shown that a vortex whih is
topologially stable in the absene of a magneti eld is also possible if the
magnetization has a xed value. This means that it is also possible if there is a
homogeneous magneti eld present. In addition to this, we have found out that
the onservation of magnetization may stabilize vorties whih are not topologially
stable if the magnetization an vary freely. Thus there an be a transition from a
vortex state to a non-vortex state as the magneti eld strength is lowered to zero.
Finally a method to reate vorties whih are topologially stable in the absene of a
magneti eld has been suggested.
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Appendix A. Spin matries and rotation operators
The spin matries for F = 1 are
Fx =
1√
2

 0 1 01 0 1
0 1 0

 , Fy = 1√
2

 0 −i 0i 0 −i
0 i 0

 , Fz =

 1 0 00 0 0
0 0 −1

 , (A.1)
and those of F = 2 are
Fx =
1
2


0 2 0 0 0
2 0
√
6 0 0
0
√
6 0
√
6 0
0 0
√
6 0 2
0 0 0 2 0

 , Fy =
i
2


0 −2 0 0 0
2 0 −√6 0 0
0
√
6 0 −√6 0
0 0
√
6 0 −2
0 0 0 2 0

 ,
Fz =


2 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 −1 0
0 0 0 0 −2

 .
(A.2)
Here we have set ~ = 1. Depending on the system studied, the elements of SU(2)
have been written either in the form
U(α, β, γ) = e−iαFze−iβFye−iγFz =
(
cos β2 e
−i(α+γ)/2 − sin β2 ei(γ−α)/2
sin β2 e
−i(γ−α)/2 cos β2 e
i(α+γ)/2
)
, (A.3)
or in the form
V (τ, α, β) = e−i
τ
2 n·σ =
(
cos τ2 − i sin τ2 cosβ −ie−iα sin τ2 sinβ
−ieiα sin τ2 sinβ cos τ2 + i sin τ2 cosβ
)
, (A.4)
where n = (cosα sinβ, sinα sinβ, cosβ) and σ = (σx, σy , σz) is a vetor
formed from Pauli matries. The V -matrix has been used when disussing the
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ferromagneti ondensates, otherwise the U -matrix has been used. 2F + 1 -
dimensional irreduible representations of these matries are given by the maps
U(α, β, γ) 7→ U (F )(α, β, γ) and V (τ, α, β) 7→ V (F )(τ, α, β). Here U (F )(α, β, γ) =
exp(−iαFz) exp(−iβFy) exp(−iγFz), V (F )(τ, α, β) = exp(−iτ n · F) and F is the spin
operator of spin F system. In this paper we need expliit expressions for U (F ) and
V (F ) for F = 1, 2. For F = 1 these are
U (1)(α, β, γ) =


e−i(α+γ) cos2 β2 −e−iα 1√2 sinβ e−i(α−γ) sin
2 β
2
e−iγ 1√
2
sinβ cosβ −eiγ 1√
2
sinβ
ei(α−γ) sin2 β2 e
iα 1√
2
sinβ ei(α+γ) cos2 β2

 (A.5)
and
V (1)(τ, α, β) =

(
cos τ2 − i cosβ sin τ2
)2
e−iα sinβ (−1+cos τ) cosβ−i sin τ√
2
−√2eiα sinβ sin τ2
(
i cos τ2 + cosβ sin
τ
2
)
cos2 τ2 + cos(2β) sin
2 τ
2
−e2iα sin2 τ2 sin2 β −eiα sinβ (−1+cos τ) cosβ+i sin τ√2
−e−i2α sin2 τ2 sin2 β
−e−iα sinβ (−1+cos τ) cosβ+i sin τ√
2(
cos τ2 + i cosβ sin
τ
2
)2

 .
(A.6)
For F = 2 the spin rotation matrix is
U (2)(α, β, γ) =

e−2i(α+γ) cos4 β2 −e−i(2α+γ) sinβ cos2 β2 e−2iα
√
6
4 sin
2 β
e−i(α+2γ) sinβ cos2 β2 e
−i(α+γ) 1
2 (cosβ + cos 2β) −e−iα
√
6
4 sin 2β
e−2iγ
√
6
4 sin
2 β e−iγ
√
6
4 sin 2β
1
4 (1 + 3 cos 2β)
ei(α−2γ) sinβ sin2 β2 e
i(α−γ) 1
2 (cos β − cos 2β) eiα
√
6
4 sin 2β
e2i(α−γ) sin4 β2 e
i(2α−γ) sinβ sin2 β2 e
2iα
√
6
4 sin
2 β
−e−i(2α−γ) sinβ sin2 β2 e−2i(α−γ) sin4 β2
e−i(α−γ) 12 (cosβ − cos 2β) −e−i(α−2γ) sinβ sin2 β2
−eiγ
√
6
4 sin 2β e
2iγ
√
6
4 sin
2 β
ei(α+γ) 12 (cos β + cos 2β) −ei(α+2γ) sinβ cos2 β2
ei(2α+γ) sinβ cos2 β2 e
2i(α+γ) cos4 β2


.
(A.7)
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